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Abstract
Recently, it has been pointed out by Chapelle that there is no reason not
to consider training Support Vector Machines (SVMs) in the primal, although
training SVMs is still almost exclusively introduced using the dual formulation. Here we explore the use of kernels in the primal formulation of SVMs
on some set Ω. Working in the primal shifts the focus from kernels on Ω to
orthonormal bases of Hilbert spaces of functions on Ω. Such basis functions
can be derived from a kernel on Ω, but in general the basis function view offers more flexibility. We discuss two examples of this added flexibility, namely
non-uniformity and incremental construction of basis functions.
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Introduction

Training large scale primal Support Vector Machines (SVMs) has been studied by
Keerthi and DeCoste [9], and recently Chapelle [4] has pointed out that also nonlinear primal SVMs can be trained efficiently. The focus in both works has been on
the optimization algorithms. Here we want to focus on the modeling aspects when
applying the kernel trick in the primal SVM formulation.
SVMs are geometric in nature, i.e., they build on a Euclidean or Hilbert space
structure which allows to measure distances and angles. Let x1 , . . . , xn be data
points in some real (typically finite dimensional) Hilbert space H together with
binary labels y1 , . . . , yn ∈ {−1, 1}. Let h·, ·iH be the scalar product on H. The
primal soft margin SVM is the following convex quadratic optimization problem

primal SVM :

Pn

minw∈H,ξ∈Rn ,b∈R

1
2
2 kwkH

s.t.

yi (hw, xi iH + b) ≥ 1 − ξi and ξ ≥ 0,

+c

i=1 ξi

where k · kH is the norm on H derived from the scalar product on
PnH, and
the trade-off between the regularization term 12 kwk2 and the loss term i=1 ξi is
parameterized by the regularization parameter c. The classifier derived from an
optimal solution (w, b) of the SVM is given as

h : H → {−1, 1}, x 7→ sgn hw, xiH + b .
The optimal primal solution w can be computed from the optimal solution α of the
Lagrangian dual of the SVM
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dual SVM :

maxα∈Rn

− 12

s.t.

Pn

Pn

i,j=1

αi αj yi yj hxi , xj iH +

Pn

i=1

αi

αi yi = 0 and 0 ≤ α ≤ c

i=1

Pn
as w = i=1 αi yi xi , i.e., the optimal w is a linear combination of the data points.
The latter is also known as the “representer theorem” [10]. The dual SVM depends
only on the scalar products of the data points. This is where the kernel trick comes
into the game: given data points x1 , . . . , xn from some set Ω together with binary
labels y1 , . . . , yn ∈ {−1, 1}, and a positive kernel k on Ω, we can compute a classifier
on Ω from an optimal solution to the convex quadratic optimization problem

kernelized dual SVM :

Pn

maxα∈Rn

− 12

s.t.

Pn

i,j=1

i=1

αi αj yi yj k(xi , xj ) +

Pn

i=1

αi

αi yi = 0 and 0 ≤ α ≤ c.

The resulting classifier is given as
n
X

h : Ω → {−1, 1}, x 7→ sgn

!

αi yi k(xi , x) + b .

i=1

The purpose of this paper is to explore the use of positive kernels on Ω or more
generally orthogonal basis functions to compute classifiers on Ω from labelled data
points through primal SVMs.
In the following we will first derive a non-linear formulation of the primal SVM
and then highlight some of the added flexibility offered by the alternative basis functions view. Our exposition is mostly of a pedagogical nature promoting an alternative way of teaching non-linearity and SVMs, but we also provide some practical
evidence that the basis function view can be beneficial.
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Applying the kernel trick in the primal

Chapelle’s derivation of the kernel trick in the primal requires a differentiable loss
function in the unconstrained primal SVM formulation. Here we give an alternative
derivation that also applies to the standard primal soft margin SVM whose loss
function is not differentiable in the unconstrained formulation.
Positive kernels, i.e., bivariate functions k : Ω × Ω → R such that there exists a feature map φ : Ω → Hk into the real reproducing Hilbert space Hk with
hφ(x), φ(y)ik = k(x, y), where h·, ·ik is the scalar product on Hk , allow using linear
machine learning techniques on general sets Ω, i.e., also spaces without any other
structure than the kernel. This is known as the “kernel trick” [2].
Suppose we are given labels y1 , . . . , yn ∈ {−1, 1} at data points x1 , . . . , xn in
some set Ω equipped with a positive kernel k. Instead of the data points we can
consider the (dual) elements (functions) ki in the real reproducing kernel Hilbert
space Hk ,
ki : Ω → R, x 7→ k(xi , x).
Let H be the subspace of Hk spanned by the functions ki . The induced scalar
product h·, ·ik on H is given by
hw, vik =

n X
n
X
i=1 j=1

3

αi βj k(xi , xj )

if w =
is

Pn

i=1

αi ki ∈ H and v =

Pn

i=1

βi ki ∈ H, and thus the squared H-norm of w

kwk2k = hw, wik =

n X
n
X

αi αj k(xi , xj ).

i=1 j=1

Especially, it is kki k2k = k(xi , xi ).
Now we want to move from the basis {ki } of H to an orthonormal basis {ei } of
H. This can be done by using either the Gram-Schmidt orthonormalization scheme
e1

=

ei

=

k
p 1
k(x1 , x1 )
Pi−1
ki − j=1 hki , ej ik ej
,
Pi−1
kki − j=1 hki , ej ik ej kk

i = 2, . . . , n

or by a singular value decomposition of the positive definite (n × n)-kernel-matrix
K = k(xi , xj ) . Since K is positive definite there exists an orthogonal (n × n)matrix U = (uij ) such that U t KU = D(λ1 , . . . , λn ) where D is a diagonal matrix.
From this we obtain an orthonormal basis of H as
n
1 X
uij kj , i = 1, . . . , n.
ei = √
λi j=1

Pn
Expanding w ∈ H in a basis {ei } as w = i=1 ŵi ei with coefficients ŵi ∈ R
gives the following simple equation for the squared H-norm of w,
kwk2k =

n
X

ŵi2 = kŵk22 ,

i=1

i.e., kwkk is the squared Euclidean norm of the coefficient vector ŵ = (ŵ1 , . . . , ŵn ).
Assume now that at the data points xi we have observed labels yi ∈ {−1, 1}, and
let w be the optimal solution of the corresponding primal SVM. By the representer
theorem [10] the
solution w is contained in H. If we expand w in the basis
Poptimal
n
{ei }, i.e., w = i=1 ŵi ei for optimal coefficients ŵi ∈ R, then the standard SVM
reads as follows

kernelized primal SVM :

Pn

minŵ∈Rn ,ξ∈Rn ,b∈R

1
2
2 kŵk2

s.t.

yi (hŵ, x̂i i + b) ≥ 1 − ξi and ξ ≥ 0,

+c

i=1 ξi

where h·, ·i is the standard scalar product on Rn , and


x̂i = (x̂i1 , . . . , x̂in ) = hki , e1 ik , . . . , hki , en ik = e1 (xi ), . . . , en (xi ) ,
where all the x̂ij can be expressed through elements of the kernel matrix K =
k(xi , xj ) . Note, that as an optimization problem the kernelized primal SVM is
just a linear primal SVM, only the data points x̂i have to be computed through
the kernel function. Hence, any (dedicated) solver for linear primal SVMs can
also be used to optimize kernelized primal SVMs, for example LIBLINEAR [5],
PEGASOS [11], or the solver by Keerthi and DeCoste [9].
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More general basis functions

Basis functions can be but need not be derived from kernels. Instead of a positive
kernel and the associated reproducing kernel Hilbert space we can also consider
some Hilbert space H ⊆ F(Ω), where F(Ω) is the space of all real valued functions
on Ω. Assume that H is finite and spanned by the orthonormal basis functions
ei : Ω → R, i = 1, . . . , m.
Given data point points x1 , . . . , xn ∈ Ω together with labels y1 , . . . , yn ∈ {−1, 1},
we can compute a classifier
!
m
X

h : H → {−1, 1}, x 7→ sgn
wi yi ei (x) + b
i=1

from an optimal solution w, b of the following support vector machine
non-linear primal SVM :

Pn

minw∈Rm ,ξ∈Rn ,b∈R

1
2
2 kwk2

s.t.

yi (hw, x̂i i + b) ≥ 1 − ξi and ξ ≥ 0,

+c

i=1 ξi

where

x̂i = (x̂i1 , . . . , x̂im ) = e1 (xi ), . . . , em (xi ) .
Note that it is not required that m = n, i.e., we can also consider less or more basis
functions than data points. This is not possible in the standard dual formulation of
an SVM and thus can be considered a conceptual advantage of the primal formulation. Another advantage of using basis functions is that they do not need to be
centered at the data points. For example, one could use an unsupervised method
like a clustering algorithm and center the basis functions at the cluster centers.

3.1

Non-uniformity

Using basis functions instead of kernels offers more flexibility since the basis functions need not be “uniform” in hyper-parameters in contrast to the basis functions
ki : Ω → R, x 7→ k(xi , x) derived from a kernel k on Ω.
Often the kernel hyper-parameter can be regarded as some sort of scale selection,
i.e., one is analyzing the data at the scale given by the hyper-parameter. If there
exist different scales in a data set, then a single hyper-parameter can only comprise
between these scales, whereas basis functions that are not uniform in the hyperparameters allow to adapt to the different scales.
We illustrate the general idea by a simple example for Ω = Rd . Consider the
subspace of the Hilbert space of all square integrable functions L2 (Rd ) ⊂ F(Rd ),
where the scalar product of two functions f, g ∈ L2 (Rd ) is given as
Z
hf, gi =
f g dµ,
Rd

spanned by the d-dimensional normalized Gaussians

d/4

2γi
fi : Rd → R, x 7→
exp − γi kx − xi k2
π
with unit covariance matrix and hyper-parameter γi > 0. A short calculation (see
Appendix) shows that the scalar product hfi , fj i satisfies
 √



2 γi γj d/2
γi γj
hfi , fj i =
exp −
kxi − xj k2 .
γi + γj
γi + γj
5

If the hyper-parameter γi is the same (= γ) for all the Gaussians, then the resulting regularization problem coincides up to constant scaling with a Gaussian
kernel support vector machine with hyper-parameter γ, i.e., to regularization in the
corresponding reproducing kernel Hilbert space with the kernel function

 γ
k(xi , xj ) = exp − kxi − xj k2 .
2
However, regularization in L2 (Rd ) provides more freedom, namely combining Gaussians with different hyper-parameters γi . Note that the standard approach of linearly combining kernels with different hyper-parameters cannot provide the same
variability since the weights of the different kernel functions have to be fixed in the
combination, even if the weights have been optimized in a kernel learning approach
as in [1].
Especially, we can simultaneously consider normalized Gaussians with different
hyper-parameters centered at the same data point, e.g.,
fi : Rd → R, x 7→



2γi
π

d/4



2γi0
π

d/4

exp − γi kx − xi k2



and at the same time
fi0

d

: R → R, x 7→


exp − γi0 kx − xi k2 .

For example, considering two hyper-parameters γ and γ 0 at every data point results
in twice the number of data points many basis functions.

3.2

Incremental construction

Since the number of basis functions m can also be smaller than the number of data
points n we can also add the basis functions incrementally one at a time. The
incremental construction can be stopped for example after a fixed number of basis
functions have been added, resulting in an optimized classifier with prescribed sparsity, or after a prescribed classification performance (e.g., cross-validation value) has
been reached, resulting in a classifier whose sparseness is optimized at a prescribed
performance measure.
Assume we have n data points. We can start using two orthonormal basis
functions e1 and e2 , e.g., centered at two data points with opposite labels, and solve
the non-linear primal SVM with all n constraints but only two variables namely the
coefficients for the two basis functions. From the solution we derive a classifier
h2 : Ω → {−1, 1}. In a boosting like fashion we can pick a next data point at
which we have not centered a basis function so far1 and center the next normalized
basis function e3 (orthogonal to the previous ones) there to compute the classifier
h3 . Repeating this procedure provides a sequence e1 , . . . , em of orthonormal basis
functions and associated classifiers h1 , . . . , hm .
The incremental approach allows to use ideas of the structural risk minimization
principle [13]. The basis functions span a sequence of nested hypothesis spaces
H2 ⊂ H3 ⊂ . . . ⊂ Hm of increasing complexity, where the space Hi is spanned
by the basis functions e1 , . . . , ei . For every hypothesis space we solve a non-linear
primal SVM. This provides us with optimal coefficient vectors wi ∈ Ri , i = 2, . . . , m
and optimal bi ∈ R, i = 1, . . . , m from which we derive the classifiers hi , i = 2 . . . , m.
1 There are several strategies possible to choose the next data point. One could take the data
point that gets misclassified by h2 the most, or one could take the data point that gives overall
best improvement of the resulting classifier. The latter strategy is more costly of course since all
data points that have not been used so far need to be tested.
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Figure 1: Synthetic data set: Two confocal spirals

Using cross-validation and sampling or a path following algorithm [8] we can even
optimize the regularization parameters ci ≥ 0, i = 2, . . . , m. Taking the cross
validation values of the non-linear primal SVMs at the optimized regularization
parameters ci provides us with m − 1 values. Ideally, these values decrease with
growing number of basis functions. We can monitor this progress and use it to
decide when to stop adding further basis functions.

4

Experiments

In the following we report on experiments we did with basis functions (orthonormalized Gaussians) for SVMs. The main point we wanted to make in Section 3 is
that the number n of data points and number m of basis functions need not to be
the same. The case of more basis functions than data points is considered in experiments with “non-uniform” basis functions and the case of fewer basis functions
than data points is considered in experiments on the incremental construction.

4.1

Non-uniformity

To explore the use of basis functions with different hyper-parameters we created a
synthetic data set consisting of two spirals in the plane with 200 data points each.
The spirals’ spread increases when moving away from the center. Each point of a
spiral is perturbed by Gaussian noise whose variance depends on the distance to
the center. Hence, points from the two spirals close to the center are close to each
other and their separation grows as they move away from the center. The data set
is visualized in Figure 1.
For the standard kernelized SVM we chose a Gaussian kernel and performed
a grid search for the hyper-parameter γ and the regularization parameter c using
5-fold cross validation. Figure 2 (left) shows the cross-validation value as function
of the hyper-parameter γ, where the regularization parameter c has been optimized
individually at every γ-value. The optimal 5-fold cross validation error of 22%
misclassified points is achieved at γ = 29 . For the non-linear primal SVM we have
centered two Gaussians with hyper-parameter γ1 and γ2 , respectively, at each data
point. This time we performed a grid search over the hyper-parameter γ1 and γ2 and
the regularization parameter c again using 5-fold cross validation. Figure 2 (right)
shows the 5-fold cross validation error over a grid of values for γ1 and γ2 . The

minimal 5-fold cross validation error of 11% is obtained at γ1 = 27 , γ2 = 219 —
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again, with optimized regularization parameter c at every pair (γ1 , γ2 ). Note that
due to symmetry γ1 = 219 and γ2 = 27 gives the same cross validation error.

cross validation error
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Figure 2: 5-fold cross validation error (on a logarithmic scale) for the two spirals
data set (see Figure 1) using an Gaussian kernel with hyper-parameter γ (left),
and two Gaussian basis functions with hyper-parameters γ1 and γ2 , respectively, at
every data point (right).
This small experiment on a toy data set indicates that using non-uniform basis functions can improve the 5-fold cross validation, here for example the crossvalidation error is decreased from 22% to 11% which is a relative improvement of
50%.
We performed the same experiment on the Ionosphere data set from the UCI
Machine Learning Repository [6], see also Figure 3. With a Gaussian kernel a 5-fold
cross validation error of exactly 4% has been achieved for γ = 2−2 . Using the nonuniform basis functions
 as described before gives an error of approximately 3.14% at
γ1 = 2−7 , γ2 = 2−3 , which means a relative improvement of approximately 21%.
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Figure 3: 5-fold cross validation error (on a logarithmic scale) for the Ionosphere
data set using a Gaussian kernel with hyper-parameter γ (left) and non-uniform
basis functions with hyper-parameters γ1 and γ2 (right).
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4.2

Incremental construction

We ran experiments with the incremental construction again on the Ionosphere
data set. To validate our results we compare the results with another incremental
construction in the kernel case, namely by adding one data point after the other (in
a well chosen manner). Note that in the kernel case the number of data points and
the number of variables (basis functions) is always the same whereas these number
are decoupled in the basis function case, i.e., we always use all data points but
only a fixed number of basis functions for training the SVM. In the experiments we
started using one basis function on a randomly chosen data point and kept adding
the “most” misclassified data point using the last iteration’s classifier in the kernel
case, or the basis function centered at the “most” misclassified data point in the
basis function case, respectively.
In the kernel case we chose a Gaussian kernel with fixed hyper-parameter γ =
2−3 , and in the basis function case we considered Gaussians with the same hyperparameter γ = 2−3 centered at the data points. We always performed a grid
search to optimize the regularization parameter c. Figure 4 shows the 5-fold cross
validation error as a function of the number of basis functions, or data points in
the kernel case, respectively, comparing both approaches (always at the optimized
regularization parameter c using cross-validation). As the number of basis functions
or data points, respectively, increases the 5-fold cross validation error decreases. But
because all data points have been used in the basis function case to train the SVM
the cross validation value improves faster in this case. This indicates that it could
be beneficial to chose basis functions over kernels if a classifier with given sparsity
is sought for.
70
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Figure 4: 5-fold cross validation error as a function of the number of basis functions
/ data points (kernel case) on the Ionosphere data set.
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Discussion and conclusion

We have re-visited non-linear primal support vector machines. So far these SVMs
have been mostly discussed in terms of optimization algorithms to train them. Here
we have pointed out that turning non-linear in the primal offers additional flexibility
9

for modeling classification problems. This is mostly due to the fact that the number
of basis functions does not need to be the same as the number of data points when
considering basis functions instead of kernels for SVMs. We are confident that the
basis function view can be benefical beyond what we have discussed here and want
to explore this in future work.
The idea of using basis functions instead of kernels implicitly appears in many
works, for instance in [15], where the authors model the density distribution using
kernels as basis functions and provide an algorithm that runs in the primal using
a logistic penalty error. The algorithm runs in iterations and at each iteration one
new basis function is added in a boosting-like fashion. Each of the papers [7, 11]
provides an algorithm for computing large margin classifiers that run on the primal
optimization problem. Both papers noted that since their algorithms use only scalar
products they can be adapted to employ non-linear kernels using the representer
theorem while working in the primal setting. As discussed in Section 2 this can be
achieved for any algorithm that solely works in the primal setting and hence is a
property of the optimization problem cast by SVMs rather than a property of the
specific algorithm. Finding an orthonormal basis by using a singular value decomposition has been described for instance in [12, 14]. But the focus of these papers
is rather on speeding up kernelized machine learning algorithms by means of sparse
approximation than on exploiting the orthonormal representation for modeling the
problem.
State-of-the-art SVM solvers, like LIBSVM [3], empirically have a running time
of only O(n) on n data points to compute an optimal solution. To compute an
orthonormal kernel function either through he Gram-Schmidt orthonormalization
scheme or through a singular value decomposition of the kernel matrix needs O(n3 )
running time. However, one can solve the problem in the primal directly without
orthonormalization. In this case the same running time is achieved as for standard
kernelized dual solvers like LIBSVM.

Appendix
Scalar product of two Gaussians
The formulas in Section 3.1 can be all derived from the L2 (Rd ) dot product of two
(unnormalized) Gaussians,
Z
hgi , gj i =
gi gj dµ,
(1)
Rd

with
gi : Rd → R, x 7→ exp −γi kx−xi k2



and


gj : Rd → R, x 7→ exp −γj kx−xj k2 .

To evaluate the integral in Equation (1) we consider the following product
gi (x)gj (x)


exp −(γi + γj )kxk2 + 2xT (γi xi + γj xj ) − γi kxi k2 − γj kxj k2
!
 2

γj xj
γi γj
γi xi
2
+
kxi − xj k
−
= exp −(γi + γj ) x −
γi + γj
γi + γj
γi + γj

 2!


γi xi
γj xj
γi γj
2
= exp −(γi + γj ) x −
+
kxi − xj k .
exp −
γi + γj
γi + γj
γi + γj
=

Using
Z


exp −(γi + γj ) x −

Rd

γi xi
γj xj
+
γi + γj
γi + γj
10



2

!


dµ

=

π
γi + γj

d/2

we obtain

hgi , gj i =

π
γi + γj

d/2



γi γj
2
exp −
kxi − xj k .
γi + γj
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