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‡ Institute of Theoretical Computer Science, ETH Zürich, gaertner@inf.ethz.ch
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Bernd Gärtner‡

14 November 2013
Abstract
We define and analyze Random Pursuit (RP) – a random walk in a Hilbert space. RP is defined by iterative projections onto randomly selected hyperplanes. This process originates from several applications
in derivative-free optimization.
In this report we study convergence in the induced norm. We present our results in an unifying way
that allows to apply them in various settings. Especially, we recover the previously known convergence
results form two applications.

1

Introduction

Let H n denote a Hilbert space
over R of dimension n with associated scalar product h·, ·i : H n × H n → R
p
and induced norm kxk = hx, xi. We consider the following random walk in H. For an arbitrary starting
point x0 ∈ H n , at each step k a uniformly random direction uk ∈ S n−1 is chosen and xk is projected on the
hyperplane orthogonal to uk . We call this algorithm Random Pursuit (RP). In formulas, the process can be
written as
xk+1 = xk − hxk , uk i uk .

(1)

Due to the fact that all the steps are projections, it is intuitively clear that the distance to the origin can
only decrease in each step and thus kxk k eventually converges to zero.
In this short report, we study the above process (1) and establish a bound on the convergence rate. We
will also consider a slight generalization, where we omit the restriction that the random directions uk are
uniformly distributed, but we allow also for different distributions (allowing even discrete support), as long
as the whole space is sufficiently covered.

1.1

Motivation

Process (1) arises in several applications in derivative-free optimization. We now introduce the most apparent
one which arises by studying the behaviour of a very simple optimization algorithm on an isotropic quadratic
function.
A simple derivative-free scheme that can be used to minimize convex functions is the following algorithm
which is called Random Pursuit optimization algorithm (cf. [15]). In every iteration – due to lack of more
information about the objective function – a random direction is chosen, and the objective function is
minimized along this direction. This method ranges among the simplest possible optimization schemes as it
soleley relies on two easy-to-implement primitives: a random direction generator and a one-dimensional line
search.
The RP optimization algorithm has been studied in various places in the literature, first it was mentioned
by Mutseniyeks and Rastrigin [9]. Convergence analyses on strongly convex functions have been provided by
Krutikov [6] and Rappl [10]. Rappl proved linear convergence of RP optimization algorithm without giving
2

exact convergence rates. Krutikov showed linear convergence in the special case where the search directions
are given by n linearly independent vectors which are used in cyclic order. Karmanov [4, 5, 16] already
conducted an analysis of this algorithm on general convex functions. Stich et al. [15] extended this work by
considering also inexact line search and different sampling distributions for the search direction.
In Section 3 we show that applying the RP optimization algorithm to the simple sphere function f1 (x) =
1
hx,
xi, is equivalent to random process (1). This not only explains why we do refer to (1) as RP too,
2
but it allows relate the existing results in the literature concerning the RP optimization algorithm to the
process (1). Especially, the lower bound on the convergence rate provided by Jägersküpper [3] directly
extends to to (1).
In the remainder of Section 3 we will also mention a more recent application, that was introduced by
Leventhal and Lewis [7]. They proposed a random process to estimate a unknown Hessian matrix of a convex
function. Again we show that this random process is a special case of (1).

2

Random Pursuit

We will now formally introduce the random process RP. As mentioned in the introduction, we consider a
slight generalization of the prototype (1).
We denote by S n−1 := {x ∈ H n | kxk = 1} the set of unit vectors in H n and let ν a probability
distribution over S n−1 . Define
i
h
2
(2)
αν := inf n Eu hx, ui ,
x∈H
kxk=1

where u ∼ ν. Thus for every x ∈ H n :
i
h
2
2
Eu hx, ui ≥ αU kxk .

(3)

xk+1 = xk − hxk , uk i uk ,

(4)

A distribution ν with αν > 0 is called rich enough to serve as a sampling distribution for the directions
in the process (1). The random process is then defined as follows:
For xk ∈ H n the next iterate of the random process is defined as:

where uk ∼ ν and ν is a rich enough sampling distribution. We denote this random process as Random
Pursuit (RP) (staring from x0 ∈ H n with sampling distribution ν).
Remark 2.1. Let xk , xk+1 and uk satisfy (4). Then
(i)

hxk+1 , uk i = 0

(ii)

kxk+1 k ≤ kxk k .

(5)

Proof. To show (i), we calculate the scalar product
hxk+1 , uk i = hxk , uk i − hxk , uk i huk , uk i = 0 .
| {z }

(6)

=1

For (ii), we calculate the norm explicitly:
2

2

kxk+1 k = hxk+1 , xk+1 i = hxk , xk i − 2 hxk , uk i huk , xk i + hxk , uk i
2

2

= kxk k − hxk , uk i ,
| {z }

(7)

≥0

where we have again used huk , uk i = 1.
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2.1

Sampling Distributions

A simple way to construct rich enough sampling distributions is to consider a subset U ⊂ S n−1 of points
on the unit sphere and take the uniform distribution νU over the points in U . In this section we give a few
examples.
Example 2.2 (Spherical distribution in Rn ). Let νS denote the uniform distribution over S n−1 in Rn . Then
νS is rich enough with αS = n1 .
[15, Lemma 3.3]. 
Example 2.3 (Standard unit vectors in Rn ). Let U = {ei | i = 1, . . . , n} the set of standard unit vectors
and νZ denote the uniform distribution over U . Then νU is rich enough with αU = n1 . [15, Lemma 3.4]. 
Example 2.4 (Ellipsoidal distribution in Rn ). Let y ∼ N (0, Σ) multivariate normal with covariance matrix
y
defines a distribution νΣ on S n−1 . This distribution
Σ ∈ PSDn . Considering normalized samples ȳ := kyk
is rich enough with αΣ =

1
κ(Σ)n ,

where κ(Σ) :=

λmax (Σ)
λmin (Σ)

denotes the condition number of Σ.

2

2

Proof. We use the elementary estimate kyk ≤ λmax (Σ) kykΣ−1 (cf. [12, Lemma 1]), to deduce for any
x ∈ Rn :
hx, yi
kyk

2

2

≥

hx, yi

2

λmax (Σ) kyk2Σ−1

,

(8)

2

where kykΣ−1 = yT Σ−1 y. Applying Lemma 4(ii) from [12] to the right hand side yields
#
"
2
2
Tr[xxT Σ]
λmin (Σ)Tr[xxT ]
kxk
hx, yi
≥
≥
=
,
Ey
2
λmax (Σ)n
λmax (Σ)n
κ(Σ)n
kyk

(9)

and shows the claim.
Example 2.5 (Rank one matrices in SYMn ). SYMn denotes the space of all n × n symmetric matrices.
This is a Hilbert space with the standard scalar product hA, Bi = Tr[AB T ]. Let U = {X ∈ SYMn | X =
xxT , x ∈ Rn } symmetric rank one matrices. Let x ∼ νS a random unit vector (see Example 2.2). Then
2
X = xxT defines a probability distribution on U . This sampling distribution is rich enough with α = n(n+2)
.
[7, Theorem 2.1]. 

2.2

Convergence

We now prove convergence of RP (4). We will see below that this is an immediate consequence of sampling
the search directions form a rich enough distribution.
We have mentioned in the introduction, that the random process RP (4) originates as a generalization of
several random processes in different applications (some of them will be discussed later in Section 3). Hence
it should also not come as a surprise, that the (short) proof goes along the same lines as the specialized
proofs in the respective applications.
This similarity can be most prominently spotted in [7] or [14]. But also Karmanov [4, 5, 16] was essentially
following the same idea. By looking very closely, the one realizes that the same argument can be found in [15]
and [12]. And very likely in many more places in the literature.
Theorem 2.6. Let x0 ∈ H n and {xk }k≥0 a sequence of iterates generated by RP (4) with rich enough
sampling distribution µ with parameter α. Then
i
h
(10)
(i) E kxk+1 k2 | xk ≤ (1 − α) kxk k2 ,
i
h
2
2
(11)
(ii) E kxk k ≤ (1 − α)k kx0 k ,
#
" k−1
X hxi , ui i2
2
,
(12)
(iii) kxk k ≤ kx0 k · exp −
2
i=0 kxi k
4

where in (iii) the uk denote the realizations that generated {xk }k≥0 .
Proof. Exactly as in the proof of Remark 2.1 we obtain
i
i
h
h
2
2
2
E kxk+1 k | xk = kxk k − E hxk , uk i | xk .

(13)

Now claim (i) follows by the definition of a rich distribution (3) with parameter α. Now we proceed to (ii).
By part (i) we can bound
i
h
2
2
(14)
E kxk k | xk−1 ≤ (1 − α) kxk−1 k .

What we now have to do formally, is to condition on xk−2 and calculate the expectation of E[E[xk | xk−1 ] |
xk−2 ]. By the tower property of conditional expectations, E[E[xk | xk−1 ] | xk−2 ] = E[xk | xk−2 ]. Repeating
this procedure for xk−3 up to x0 , we finally obtain E[xk+1 | x0 ] = E[xk+1 ] and the statement follows.
Finally, for part (iii), we deduce form Equation (7):
!
2
hxk−1 , uk−1 i
2
2
kxk k = 1 −
kXk−1 k .
(15)
2
kxk−1 k
With 1 − x ≤ e−x we obtain the final result.

3

Applications

In this section we present some applications where the random process (4) naturally appears. We show two
examples form optimization. The first one is about minimizing a (strongly) convex objective function, the
latter is about estimating a Hessian matrix from an unknown convex function.

3.1

Optimization with RP

In this section we consider functions f : H n → R. The first function we consider is very simple: f1 := 12 hx, xi,
the sphere function. It is often used in the literature as a fist benchmark to test the performance of new
(derivative-free) algorithms numerically [1, 8] or analytically [11, 2].
We make the following observation: optimizing f1 with the Random Pursuit optimization algorithm [9,
4, 5, 16, 15] is equivalent to RP (4) with spherical sampling distribution νS (cf. Example 2.2).
Let xk ∈ H n be given, and let uk ∼ νS . Then xk+1 in the Random Pursuit optimization algorithm is
defined as the minimizer of f1 on the line {x | x = xk + tuk , t ∈ R}. We observe
1
xk+1 := arg min f1 (xk + tuk ) = arg min t hxk , uk i + t2 huk , uk i ,
2 | {z }
t∈R
t∈R

(16)

=1

and now it is immediate that xk+1 satisfies Equation (4).

Corollary 3.1 (Convergence on Sphere). Let {xk }k≥0 be a sequence of iterates generated by the Random
Pursuit optimization algorithm [9, 4, 5, 16, 15] on f1 . Then
E[f1 (xk )] ≤ (1 − α)k f1 (x0 ) ,
with α =

(17)

1
n.

This follows form the above observation, Example 2.2 and Theorem 2.6.

An analogous statement can be derived for the Random Pursuit optimization algorithm when the the
steps are only taken along coordinate directions. We can recover the results form Krutikov [6] by using the
statement form Example 2.3 and proceeding similarly as in Corollary 3.1.
5

The result from Corollary 3.1 is optimal. An argument by Jägersküpper [3] shows, that no search
algorithm that selects the search directions from νS , can exhibit faster expected convergence as (17).
The Theorem can not only be applied to the sphere function. Let f2 = 12 hCx, Cxi be a quadratic function
with C ∈ Rn×n invertible.
Corollary 3.2 (Convergence on Ellipsoid). Let {xk }k≥0 be a sequence of iterates generated by the Random
Pursuit optimization algorithm [9, 4, 5, 16, 15] on f2 . Then
E[f2 (xk )] ≤ (1 − α)k f2 (x0 ) ,
with α =

1
κn ,

(18)

where κ = κ(C T C) denotes the condition number of f2 .

Proof. The mapping x 7→ Cx describes a transformation. Applying the inverse transformation x 7→ C −1 x
maps f2 to f1 , the sphere function. We also have to transform the sampling distribution. The uniform
x
of x ∼ N (0, In ). Applying the
distribution νS can be generated by considering normalized samples kxk
inverse transformation yields N (0, C −1 C −T ) = N (0, Σ−1 ). Thus νΣ−1 (cf. Example 2.4 is the corresponding
transformed sampling distribution1 . Now the statement follows from Example 2.4 with κ = κ(Σ) = κ(Σ−1 ).

3.2

Metric learning with RP

The Randomized Hessian Approximation (RHA) scheme as introduced in [7] is a random walk on the space
of symmetric n×n matrices, depending on a (fixed) positive definite matrix H. For Y0 ∈ Rn×n symmetric, a
step of the random walk is defined as:
Yk+1 := Yk − hYk − H, Uk i Uk ,

(19)

where Uk = uk uTk for a uniform random direction uk ∼ νS , the Uk follows the distribution form Example 2.5.
We observe, that the error matrices Xk := Yk −H satisfy Equation (4) with X0 = Y0 −H. Hence, Theorem 2.6
can also be applied to RHA.
Corollary 3.3 (Random Hessian Approximation). Let {Xk }k≥0 be a sequence of iterates generated by
RHA [7, 12, 14]. Then
E[kXk k2 ] ≤ (1 − α)k kX0 k2 ,
with α =

2
n(n+2) .

The norm kXk =

(20)

p
hX, Xi is the standard Frobenius norm.

This follows form Theorem 2.6 and Example 2.5.
From the way the RHA scheme was introduced here in Equation (19) and the comments in Section 3.1
on the Random Pursuit optimization algorithm, it is apparent, that RHA is equivalent to optimization of
2
the objective function fL := 21 hYk − H, Yk − Hi = 21 kYk − Hk , the sphere function in SYMn , the Random
Pursuit optimization algorithm.
This connection might not be so obvious from the presentation in [7]. Let us state a few remarks. In [7],
the unknown matrix H ∈ SYMn is encoded in a function g(x) := 12 hHx, xi. The scalar product hH, Uk i for
Uk = uTk uk is then evaluated by tree evaluations of g:
hH, Uk i = hHuk , uk i =

g(x − ǫuk ) − 2g(x) + g(x + ǫuk )
,
ǫ2

(21)

where ǫ > 0 and x arbitrary (note that g is quadratic). We already remarked in [13] that the symmetry in
the right hand side is not needed: instead of evaluating g at x and x ± ǫuk , any tree points on a line defined
by uk would do (interpolation formula for quadratic functions).
1 Due

to symmetry of f1 , we could equivalently also consider νΣ .
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4

Conclusion

In this report we have analyzed a simple random process in a Hilbert space. We have show convergence in the
norm, that is, the norm of successive iterates will converge to zero, if the underlying sampling distribution
is rich enough.
We gave examples of rich enough sampling distributions and showed applications where these distributions
appear in the literature. Our results shows (i) the convergence of the Random Pursuit optimization algorithm
on quadratic function, partially covering the results in [15]. And (ii) the convergence of the Randomized
Hessian Approximation scheme, partially covering the results from [7].
There are several open questions that were not considered in this report. First, we did not investigate
the impact of inexact/approximate steps. That is, if we would allow iterates that do not satisfy Equation (4)
exactly, but only up to some fixed accuracy. For the Random Pursuit optimization algorithm it is known [4,
5, 16] that small errors do have little impact on the convergence rate. Hence, it should also be possible to
incorporate this feature in the present framework.
Second, our results for the Random Pursuit optimization algorithm (Cor. 3.2) does only hold for quadratic
objective functions but not for general convex functions. It is open, whether there is an extension of the
framework that would also allow to treat this more general situation, without loosing its current elegance.
In this report, we studied only the random process (4) only with respect to convergence in the norm, but
we did not focus on the trajectories. For certain applications, like the Matrix estimation in [7], it would be
interesting to also have some quantitative statements about typical trajectories.
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